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Abstract
Recently, the study of fuzzy dierential equations has gained importance due to its application. In this paper we prove
the existence of a unique solution for fuzzy initial value problems. Further, employing stability theory and contraction
mapping principle, we obtain xed points of fuzzy nonlinear mappings. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The theory of fuzzy functions and its application has increased recently due to the industrial in-
terest of fuzzy control. Moreover, in view of the development of the calculus for fuzzy functions,
the investigation of fuzzy dierential equations has been initiated and the existence and uniqueness
of solutions of fuzzy initial value problem was considered under a Lipschitz condition [2,3]. The
result corresponding to the classical Peano's theorem for local existence has been studied under var-
ious conditions but has not reached a satisfactory level [1{4]. The basic results such as existence,
uniqueness, continuity with respect to initial values and global existence, are proved by develop-
ing the needed general comparison principle which helps to understand the intricacies involved in
incorporating fuzziness in dierential equations [5].
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In this paper, we shall use the theory of fuzzy dierential equations combined with the contraction
mapping principle to obtain xed points of fuzzy mappings.
2. Preliminaries
Let Pk(Rn) denote the family of all nonempty compact convex subsets of Rn. If ; 2R and
A; B2Pk(Rn), then
(A+ B) = A+ B; (A) = ()A; 1A= A
and if ; >0, then (+ )A= A+ A. Let I = [t0; t0 + a]; t0>0; a> 0 and denote by En = [u :
Rn ! [0; 1] such that u satises (i){(iv) below], where
(i) u is normal, that is, there exists an x0 2Rn such that u(x0) = 1;
(ii) u is fuzzy convex, that is, for x; y2Rn and
0661;
u(x + (1− )y)>min[u(x); u(y)];
(iii) u is upper semi-continuous,
(iv) [u]0 = [x2Rn: u(x)> 0] is compact.
For 0<61, we denote [u] = [x2Rn: u(x)>]. Then from (i){(iv), it follows that the -level
sets [u] 2Pk(Rn) for 0661.
Let dH (A; B) be the Hausdor distance between the sets A; B2Pk(Rn). Then we dene
d[u; v] = sup
0661
dH [[u]
; [v]] (2.1)
which is a metric in En and (En; d) is a complete metric space. We list the following properties of
d[u; v] (see [2]):
d[u+ w; v+ w] = d[u; v]; (2.2)
d[u; v] = jjd[u; v]; (2.3)
d[u; v]6d[u; w] + d[w; v] (2.4)
for all u; v; w2En and 2R.
For x; y2En if there exists a z2En such that x=y+ z, then z is called the H -dierence of x and
y and is denoted by x−y. A mapping F : I ! En is dierentiable at t 2 I if there exist a F 0(t)2En
such that the limits
lim
h!0+
F(t + h)− F(t)
h
and lim
h!0+
F(t)− F(t + h)
h
exist and are equal to F 0(t). Here the limit is taken in the metric space (En; d).
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Moreover, if F : I ! En is continuous, then it is integrable and R ba F = R ca F + R bc F . Also, the
following properties of the integral are valid [2]. If F; G : I ! En are integrable, 2R, then
(i)
R
F + G =
R
F +
R
G;
(ii)
R
F = 
R
F ;
(iii) d[F;G] is integrable;
(iv) d[
R
F;
R
G]6
R
d[F;G].
Finally, let F : I ! En be continuous. Then the integral G(t)=R tt0 F is dierentiable and G0(t)=F(t).
Furthermore,
F(t)− F(t0) =
Z t
a
F 0(t):
See [2] for details.
We need the following known results relative to the fuzzy dierential system with initial conditions.
For that purpose, consider the fuzzy dierential system
u0 = f(t; u); u(t0) = u0; (2.5)
where f2C[I  En; En] and I = [t0; t0 + a]; t0>0; a> 0. We note rst that a mapping u : I ! En
is a solution of the initial value problem (2.1) i it is continuous and satises the integral equation
u(t) = u0 +
R t
t0
f(s; u(s)) ds for t 2 I . The following comparison result is from Lakshmikantham and
Mohapatra [5].
Theorem 2.1. Assume that f2C[I  En; En] and
lim
h!0+
sup
1
h
[d[u+ hf(t; u); v+ hf(t; v)]− d[u; v]]6g(t; d[u; v]); t 2 I; u; v2En;
where g2C[I  R+; R]. Let the maximal solution r(t; t0; w0) of
w0 = g(t; w); w(t0) = w0>0 (2.6)
exists on I . Then; if u(t); v(t) are any two solutions of (2:5) through (t0; u0); (t0; v0) respectively;
on I; we have
d[u(t); v(t)]6r(t; t0; w0); t 2 I (2.7)
provided d[u0; v0]6w0.
Regarding the local existence, we have the following result of Nieto [6].
For that purpose, we dene O^2En as O^(x) = 1 if x = 0; O^(x) = 0 if x 6= 0.
Theorem 2.2. Suppose that f : I  En ! En is continuous and bounded; i.e. there exists r>0
such that D(f(t; x); O^)6r; t 2 I; x2En. Then the initial value problem (2:5) possesses at least one
solution on the interval I .
There are other types of local existence results given in [2{4] which have been rectied in [1].
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3. Main results
Consider the autonomous IVP
u0 = f(u); u(0) = u0; (3.1)
where f2C[En; En]. Then we can prove the following global existence result.
Theorem 3.1. Assume that
(i)
lim
h!0+
sup
1
h
[d[u+ hf(u); v+ hf(v)]− d[u; v]]6− d[u; v]
for some > 0;
(ii) D[f(u); O^]6M whenever d[u; O^]6L;
(iii) for each x0 2En; there exists a solution locally on [0; a].
Then for each x0 2En, there is a unique solution u(t; x0) existing on [0;1).
Proof. By (iii), there is a solution u(t; x0) on [0; a] for some x0 2En. Suppose that u(t; x0) for some
x0 2En is not continuable, that is it exists only on [0; ); <1.
Set m(t) = d[u(t); u0]; t 2 [0; ). Let u(t + h) = u(t) + z(t), where z(t) is the H dierence.
Then, we have
m(t + h) = d[u(t + h); u0]
= d[u(t + h); u0]− d[u(t) + hf(u); u0] + d[u(t) + hf(u); u0]
= d[u+ z; u+ h] + d[u(t) + hf(u); u0]
= d[z; hf] + d[u(t) + hf(u); u0]
= d[u(t + h)− u(t); hf(u)] + d[u(t) + hf(u); u0]:
Hence,
m(t + h)− m(t)
h
=
1
h
[d[u(t + h)− u(t); hf(u)] + d[u(t) + hf(u); u0]− d[u; u0]]:
But
d[u+ hf(u); u0]6 d[u+ hf(u); u0 + hf(u0)] + d[u0 + hf(u0); u0]
6 d[u+ hf(u); u0 + hf(u0)] + d[hf(u0); O^]:
Thus,
m(t + h)− m(t)
h
6
1
h
[d[u(t + h)− u(t); hf(u)] + d[u+ hf(u); u0 + hf(u0)]
−d[u; u0] + d[hf(u0); O^];
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which implies
D+m(t)6 lim
h!0
d

u(t + h)− u(t)
h
; f(u(t))

+ lim
h!0
sup[d[u(t) + hf(u(t)); u0 + hf(u0)]− d[u; u0] + d[f(u0); O^]
6−d[u(t); u0] + d[f(u0); O^]
= −m(t) + d[f(u0); O^]:
By condition (ii), this implies d[f(u(t)); O^]6M; t 2 [0; ).
This shows that for s; t 2 [0; ); s< t,
d[u(t); u(s)]6 d

u0 +
Z t
0
f(u) d; u0 +
Z s
0
f(u) d

6 d
Z t
0
f(u) d;
Z s
0
f(u) d

6 d
Z s
0
f(u) d+
Z t
s
f(u) d;
Z s
0
f(u) d

6
Z t
s
d[f(u()); O^] d
6M (t − s); t; s2 [0; ):
It is clear from this estimate that limt!−u(t) exists which is a contradiction to noncontinuability.
Hence u(t) exists on [0;1). Uniqueness of solutions of (3.1) follows from assumption (i) because,
if we assume two solutions u(t); v(t) of (3.1) with u(0) = v(0) = u0, then we get for t>0
d[u(t); v(t)]6d[u(0); v(0)] e−t  0:
This completes the proof of Theorem 3.1.
Consider the fuzzy operator S 2C[En; En]. We are interested in nding a fuzzy xed point of S.
We dene S(u) = f(u) + u, so that if (3.1) possesses a fuzzy constant solution, then that solution
will be the desired xed point. We have the following result to that eect.
Theorem 3.2. Let the assumptions of Theorem 3:1 hold with S(u) =f(u) + u. Then there exists a
u 2En such that Su= u.
Proof. By Theorem 3.1, there exists a unique solution u(t; u0) existing on [0;1) for every u0 2En.
Set T (t)u0 = u(t; u0); t>0. Since (3.1) is an autonomous dierential equation, T (t) denes a one-
parameter family of nonlinear operators which satisfy semigroup property. Moreover, in view of
condition (i), if u(t; u0); v(t; v0) are the two solutions of (3.1), we get by Theorem 2.1, the estimate
d[u(t; u0); v(t; v0)]6d[u0; v0] e−t ; t>0
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which means
d[T (t)u0; T (t)v0)]6d[u0; v0] e−t ; t>0:
Choose t> 0 such that e−t

6 12 . Then,
d[T (t)u0; T (t)v0)]6 12d[u0; v0]
The contraction mapping theorem, then shows that there exists a unique xed point u of T (t), that
is T (t)u = u. We shall show that u is a xed point of T (t) for each t>0. Since T (t); T (t)
commute because of semigroup property, we then get
d[T (t)u; u] = d[T (t)T (t)u; T (t)u]
= d[T (t)T (t)u; T (t)u]6 12d[T (t)u
; u]:
This contradiction proves that T (t)u = u for t>0 which implies u is a solution of (3.1), that is
0 = f(u). Since Su= u+ f(u), it follow that Su = u and the proof is complete.
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